Abstract. The purpose of this paper is to investigate the different strategies for portfolio rebalanc-ing (buy-and-hold, constant weights, and constant-proportion portfolio insurance (CPPI) suggested by Perold and Sharpe in a reallife environment using the actual market data and considering trans-action costs. Methodology. Exchange-traded funds were used to represent asset classes, and actual market prices in 2007-2015 for the ETFs used to conduct the research. The Monte-Carlo simulations were used to generate 400 portfolios over 3 different time horizons in order to get a representative sample. Two actual fee structures were used from the leading U.S. brokerage firms. Results of the portfolio dynamics research show outperformance of CPPI over other strategies on holding periods over 36 months, and on shorter time horizons CPPI and constant weights strategies clearly dominate over buyand-hold strategy. Contrary to the previous conclusions by Perold and Sharpe, there was no definite link between the stock market dynamics or volatility and the preferred strategy. We also see that after a bull market period the CPPI portfolio allocation shifts to 100% equity. The portfolio turnover is typically higher and much more dispersed for CPPI strategy than for constant weights strategy. We also found a strong negative correlation between the CPPI portfolio turnover and the initial equity allocation, whereas for constant weights strategy the turnover is higher at 50% allocation to both stocks and bonds. Practical implications. The strategy choice is shown to be more a matter of the holding period; CPPI seems the best choice over longer periods. Contrary to the widespread perception, our research shows that brokerage fees has not had a material influence on the simulated portfolio performance and, thus, should not be a factor for choosing a strategy. Originality/value. Unlike previous studies in this area that focused on analytical derivation based on sample statistics, we used the Monte-Carlo simulation on the actual asset prices and brokerage fees structures. The results of our research are much closer to the actual portfolio dynamics seen in practice. We also address issues like portfolio turnover and transaction costs that are often over-looked by academic researchers.
Introduction
Portfolio rebalancing is an area of a great practical significance, since any portfolio manager should decide how to cope with deviations of actual asset weights from their targets. However, the academics generally paid little attention to this topic. Perold and Sharpe in their seminal paper (Perold, 1988) formally introduced and analyzed three rebalancing strategies -buy-and-hold (BH), constant mix or constant weights (CW) and constant-proportion portfolio insurance (CPPI). The two former strategies had always been used by practitioners with a constant tradeoff between keeping the current weights up to their target values and saving on transaction fees. The third strategy, CPPI, was much more uncommon in practice despite its mechanics was investigated in much great details by Black and Perold (Black, 1992) .
It was concluded by Perold and Sharpe that CW strategies are better on volatile, trendless market, whereas CPPI in the best on a trendy market. Other researchers, e.g. (Blanchett, 2011) , argue that BH strategy is not dead if both transaction costs and tax implications are considered. Yet another aspect of the rebalancing was investigated in (Leibowitz, 2001 ) that shows that a constant risk tolerance implies changing the asset allocation itself instead of keeping the constant 60/40 mix, which was used as a benchmark asset allocation by previous researchers.
The purpose of this paper is to investigate practical issues of portfolio rebalancing. Research objectives include checking Perold-Sharpe strategies on different holding periods and during different stock market conditions, using MonteCarlo simulations to check their behaviour on different time periods, analyze the portfolio turnover and the effect of transaction costs. We use both actual funds data and MonteCarlo simulation to generate portfolios. As Perold-Sharpe, we focus on the broad stocks-bonds portfolios, so we use ETF funds that represent those asset classes broadly and do not consider portfolios of individual securities. Vol. 2, No. 3, 2016 The paper starts with the analysis of BH, CW, and CPPI strategies for a traditional 60/40 stocks-bonds portfolio in 2007-2015, then the results are generalized using three samples of 400 Monte-Carlo simulated portfolios with three different holding periods (5 years, 3 years, 18 months). After that the portfolio turnover and the effect of transaction costs are considered both for different transaction costs models and different initial portfolio allocations.
Performance over the entire holding period
Perold and Sharpe is their research used a simple portfolio consisting of two assets, the risky asset and the risk-free asset. Their approach is modelled in this research using investable assets and actual prices. SPY exchangetraded fund is used as a proxy to the risky asset (stocks). Finding a suitable proxy for the risk-free asset is more challenging, since investing directly into the Treasuries is not always an alternative for small investors. That's why two ETFs may be considered -BIL, which is a straightforward alternative for the bills considered by Perold and Sharpe but is virtually a zero-return zero-volatility asset, and TLT, which provides a more interesting risk-return profile while keeping credit risk at zero and having no correlation with stocks. The latter has been chosen as a more viable alternative. Given the availability of price data, the longest time horizon accessible for our analysis are 102 months from July 2007 to December 2015.
The three portfolios, representing BH, CW and CPPI strategies respectively, were created on June 30, 2007 by investing $1,000,000 with the initial asset allocation 60% stocks, 40% bonds (technically, 3988 SPY shares and 4697 TLT shares were bought). The BH portfolio was never changed after that. The CW portfolio was rebalanced at the beginning of each month by keeping the constant weights at 60% and 40% respectively. The CPPI portfolio was rebalanced at the beginning of each month using the Perold-Sharpe formula for the amount invested in stocks with the floor lev-el of $700,000 and m = 2: Dollars in Stocks = m (Assets -Floor)
(1) The dynamics of the actual asset allocation for BH, CW and CPPI portfolios is shown on Figure 1 . Surprisingly the BH portfolio reverted to almost 60/40 allocation in 2014-2015, so at the end of the holding period its structure was very similar to the CW portfolio. The common sense may say that it did not make much sense to spend money on monthly rebalancing just to end up with the same asset mix. However, if the actual performance results are checked (see Table 1 ), the annualized return of CW strategy is 0.8% higher and that is more than enough (as will be discussed below) to compensate for the additional costs incurred. The asset mix for CPPI strategy is quite different -while it stayed pretty similar to the BH portfolio during turbulent times of the 2008-2009 crisis, on the rebounding market the CPPI portfolio structure quickly shifted to 100% equity allocation, and its annualized return over the entire holding period turned out to be significantly higher than for two other strategies. As readers may note from Table 1, BH strategy dominates (i.e. delivers the highest current return) during 37 months between July 2007 and December 2015, CW strategyduring 22 months, whereas CPPI strategy dominates during 43 months. Another metrics of practical use would be the Vol . 2, No. 3, 2016 number of months a particular strategy delivered the highest cumulative return, i.e. the value of the portfolio at the end of the corresponding month was the greatest. The picture is quite different here. CPPI strategy is the clear favourite outperforming BH and CW strategies in 84 of 102 months. BH strategy was the best during 13 early months, mostly in early 2008, and CW provided the highest value of the portfolio only during 5 months. The dynamics of the total cumulative return for different strategies is plotted on Figure 2 .
Fig. 2. Dynamics of the total cumulative return for BH, CW and CPPI strategy
The sample statistics of 102 monthly returns for each portfolio are provided in Table 1 . While the average return for CPPI is much higher than for CW or BH (which is natural given its outperformance in terms of the total return), the dispersion of monthly returns as measured by the standard deviation is also higher for CPPI, however that difference is not huge. Hence in terms of the Sharpe ratio CPPI strategy is clearly preferential. While the mean return and its standard deviation steadily increase as we shift from BH to CW and from CW to CPPI, it's not the case for down-side risk. All three portfolios are comparable in terms of 5% percentile (which is a sample measure corresponding to VaR 5%). It's also interesting to note that the median return is higher for BH than for CW strategy, contrary to the average return.
CPPI strategy clearly dominated on the upward trend in 2011-2015 and, surprisingly, during market slump in the second half on 2008. However, during the most part of 2009-2010, especially on the rebounding market, CW appeared to be the best strategy. According to the PeroldSharpe analysis, there should have been a correlation between the stock market volatility and the best strategy during that period. The current volatility (proxied by the monthly standard deviation of the daily SPY returns) was plotted on Figure 3 with the shaded bars indicating the strategy that worked best during the given month. However, it is not possible to conclude there is a correlation between the volatility and the best strategy, because during various periods of high volatility (October 2008, March 2009, and August 2011) different strategies provided the highest returns. Also, during the periods of low volatility there was no clear preference for any particular strategy, albeit CPPI may have been slightly more preferable. 
Simulated portfolios over smaller holding periods
After having considered three strategies over the entire holding period of 102 months, the Monte Carlo simulation was performed over smaller randomly selected holding periods (60 months, 36 months, and 18 months). Each simulation consisted of randomly choosing a starting date, investing $1,000,000 in a 60% SPY 40% TLT mix and running three portfolios (BH, CW, and CPPI) with monthly rebalancing for the selected holding period. 400 simulations were run for each holding period length.
The simulation with 60 months holding period (see Panel A in Table 2 ) shows clear outperformance of CPPI over other strategies. It delivers the best performance for 357 of 400 portfolios, whereas CW strategy dominates for 39 portfolios, most of which were started in 2007 and Vol. 2, No. 3, 2016 early 2008, so they had a greater exposure to the financial crisis. Hence it can be concluded that CPPI strategy was dominant on the post-crisis growing market, however during the turbulent times of 2008-2009 CW strategy was better.
The results for the simulation with 36 months holding period (see Panel B in Table 2 ) differ from the ones discussed above immaterially for BH and CW strategies, but CPPI strategy generates lower returns. The amount of portfolios for which CPPI dominated is significantly lower than be-fore, and at 36 months holding period much more CW portfolios become dominant. When the holding period is reduced further to 18 months (see Panel C in Table 2 ), the returns for all three strategies become much more aligned. Whereas BH and CW average returns are slightly lower, there is a significant drop in the average return for CPPI strategy. While the numbers of dominant portfolios for each strategy stays about the same as for 36 months holding period, the 95% confidence intervals for all strategies have a substantial overlap. So, as the holding period shortens the distinction between the strategies blurs.
The total portfolio turnover, which is calculated as the total value of transactions executed for rebalancing divided by the initial portfolio value, is zero for BH but becomes quite significant for CW and CPPI (see Table 2 ). It's a common perception that BH strategy may turn out to be more desirable when after-fees returns are considered. However, when taking typical commission structures used by the major brokerage firms into account, it becomes apparent that the reduction in average return after fees is not significant. Two fee models were modelled -the volume-based model, which depends on the amount of shares traded, and the flat-fee model, which is based on a fixed fee per trade. The fees were calculated as follows:
• for the volume-based model: $0.005 per each share traded, subject to a floor of $1 per trade and to a cap of 0.5% of the total trade value;
• for the flat-fee model: $6.95 per trade.
For our portfolio of $1,000,000 the typical transaction fees were way below $1,000 even for 5 years holding period. Therefore, the maximum decrease in total return for the entire holding period is less than 0.1%, or less than 0.02% when annualized. In general, the volume-based model generates lower fees when there are many smaller transactions (in our case the monthly minimum commission is waived since the NAV of the portfolio is higher than $100,000), whereas the flat-fee model favours a small number of large trades. However, for both fee models considered, as well as for any model that is reasonably competitive with those two, the amount of commissions is way too small to justify switching from a strategy chosen on before-fees basis.
Effect of holding period length on turnover
The total portfolio turnover is analyzed over various holding periods ranging from 12 to 60 months using 100 Monte-Carlo simulations. The starting date was . 2, No. 3, 2016 randomly selected so that the holding period fits between July 1, 2017 and December 31, 2015. Of course, for BH strategy the turnover is zero. For CW and CPPI strategy a strong positive link between the holding period and the turnover is found (see Figure 4) , however the dispersion of the turnover is much higher for CPPI. It can be explained by the fact that portfolios held during 2012-2015 are likely to shift to 100% equity allocation under CPPI strategy, which decreased their rebalancing needs and turnover comparing to those held during 2007-2011. On the other hand, the turnover under CW strategy is much more consistent, because the target asset weights remain the same. If the dependence of the total broker commission to the holding period length is considered, however, a different picture appears. The flat-fee model (see Panel B on Figure 5 ) generates linearly increasing fees for CW strategy and for most portfolios under CPPI strategy, because the number of trades is proportional to the number of rebalancing (i.e. the number of months the portfolio is being held). The only exception is CPPI portfolios that shift to 100% equity allocation, as they do not re-quire subsequent rebalancing (they are the dots below the diagonal line on Panel B). The volumebased model (see Panel A on Figure 5 ) leads to quite different results, the fees increase with the length of the holding period, however, at a much slower rate. The scatter plot depicting the amount of fees in this case is quite similar to the scatter plot for the turnover, because for the volume-based model fees are proportional to the amount of trades. 
Vol

Effect of initial asset allocation on turnover
Finally, the total portfolio turnover for different initial portfolio composition is analyzed using 100 Monte-Carlo simulations on the total holding period of 60 month. The starting date is randomly selected so that the holding period fits between July 1, 2017 and December 31, 2015, and the initial allocation to stocks is randomly chosen between 20% and 80%. For the CPPI portfolio the floor level in formula (1) is adjusted accordingly.
BH strategy, again, has no turnover. The portfolio turnover for CW is much less dispersed than for CPPI, and the shapes are quite different for the strategies (see Figure 6 ). For CW strategy the turnover ranges from 100% to 250% and the shape is slightly bended upwards in the middle (i.e. turnover is higher for portfolios with the initial allocation to stocks 40% to Vol. 2, No. 3, 2016 60% than for those at the ends of the 20%-80% range). While the dispersion of the turnover for CPPI strategy is significantly greater, a strong negative correlation between the turnover and the initial allocation to stocks can be observed (i.e. the portfolios more exposed to equities have lower turnover). Probably, it is due to the fact that as a CPPI portfolio shifts to 100% equity allocation on the growing stock market less re-balancing is required.
The dependence between the total brokerage fees and the initial allocation to stocks (see Figure 7) is rather similar as the dependence between the commission and the holding period length. For the volume-based model the scatter plot is quite similar to scatter plot for the portfolio turnover, and the reason stays the samefees are proportional to the amount of shares traded. For the flat-fee model the total fee amount is the same irrespective of the portfolio allocation for CW strategy, but for CPPI strategy some portfolios result in a lower total commissions. Moreover, the higher is the initial allocation to stocks, the lower are the total fees -it supports our previous conclusion that some of the CPPI portfolios, which subsequently shift to 100% equities, require less rebalancing. Of course, some CPPI portfolios have never reached 100% allocation to stocks, and the amount of commissions stayed at the same level as for the CW portfolios. 
Conclusions
Three different portfolio rebalancing strategiesbuy-and-hold, constant weights and CPPI -have demonstrated different performance during the holding period considered in our research. Despite the fact that CW strategy performed better on a turbulent market in 2009-2010 and CPPI was certainly the best strategy on a growing market in 2011-2015, there is no evidence of definite correlation between the market volatility and the dominance of a particular rebalancing strategy. While there is some support for Perold and Sharpe conclusion that, in theory, CW should be superior in a market characterized by often reversals and CPPI should be better in a bull market, practice shows it is not always the case.
Another common perception that has not been confirmed in this research is the attractiveness of BH strategy given its zero transaction costs. On our sample $1,000,000 portfolio the brokerage commissions were too small to justify changing the strategy because of the transaction costs and BH strategy was on average the least performing one. Most probably the same will hold true for any portfolio exceeding $100,000 given the fact that brokers typically waive a minimal monthly payment on any portfolio larger than that. So, in our opinion, transaction fees should not be an es-sential consideration when choosing a rebalancing strategy over a sufficiently long time horizon.
Finally, the holding period length turns out to be a significant factor. On short time horizons (about 18 months) it does not really matter what strategy is being chosen, since no statistically sig-nificant difference in the mean returns has been found. However, as the portfolio is being held for a longer period the difference between strategies becomes more significant -CPPI outperforms CW and CW outperforms BH. When the holding period is longer than 36 months, there is a 95% proba-bility that CPPI will outperform other strategies. Therefore BH strategy makes little sense for any investor over long time horizons, and unless there are specific reasons to keep asset weights constant and opt for CW strategy, CPPI strategy would be the best choice.
